VECTOR CALCULUS - BASED ON ANTON, BEVINS

DEEPESHKP
(NIT Calicut)

DEEPESH VECTOR CALCULUS



VECTOR VALUED FUNCTIONS

e f(t) = t? is a real valued function of one variable.
e f:R — R? has codomain consisting of vectors.
e f:R — R3 also.

¢ Hence domain is 1-dimensional represented by a
parameter.

e Codomain is a 2D/3D space, consisting of vectors.

e Eg: f(t) = t?i+sintj+ el k is a vector valued function (vvf)
* Image of 1(t) = x(t) i + y(t)j + z(t) k is a 3-D curve.

e f(t) = (x(1),y(t), z(t)) is also the same function.
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EXAMPLE f: [-1,1] > R3BY f(t) =ti+t?j+ 3k
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EXAMPLE f : [0,00) — R3 BY

f(t) = acosti+ asintj+ ctk

(t=m)

(t=0)

x=acost, y=asint, z=ct
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PROPERTIES

e The 'graph’ of a vvf is ploted with domain and codomain
separately.

¢ [f not specified, all possible values are taken for the
parameter t (the natural domain).

¢ The component functions are represented as x(t), y(t)
and z(t).

* How do we sketch the graphical represenation of the
image?
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SOME STANDARD PARAMETRIC CURVES

* The straight line segment joining (X1, y1, 21) to (X2, yo, Z2).
* r:[0,1] — R3 given by

r(t) = {x1+te—x) ti+{y1+t(ya—y1)j+{z1 +t(z2—2z1) } k

e What happens ifwetaket=0o0rt=17?
e What if t goes outside [0, 1]?

e What are x(t), y(t) and z(t)?

¢ |t comes from the two point form

X=X _Y—-hnh Z—2Z4

= = =t
Xo—X1  Yo—V1 22— Z

e For 2D line, discard k component.
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VECTOR FORM OF THE LINE

Takery =xii+yij+zikandr, =X i+ yoj+ 2k
r:[0,1] — R3 given by

F(t) = xq i+y1j+2z1 k+t{(x2 —x1)i+ (Y2 — y1)j + (22 — 21 )k}
¢ This gives
r(t)=ri+i(rz—ry), 0<t <1

e |t is called vector form of the straightline.
Example:

e Equation of line joining (2,-3,7) to (1,0,—15) is
Kt)=2i—3j+7k+t(—i+3j—22k), 0 <t <A1

e Parametric form f(t) = (2 — t)i + (=3 + 3t)j + (7 — 22t)k
e Componentformx=2—-t, y=-3+3t, z=7 —22¢
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SOME STANDARD PARAMETRIC CURVES

e The circle parallel to the XY —plane (in 3D), radius a, center at
2o = (X0, Yo, 20) is given by r : [0,27) — R3

r(t) = xoi + Yoj + 20 k + a(cos ti+ sintj) = zy + ae"
¢ Here the parameter is taken as the angle.

* What if t goes outside [0, 27)?

e Component form:
x(t) = xo+acost, y(t) = yo+ asint, z(t) = z.

* Note: (x — x0)? + (¥ — yo)? = & is circle in XY-plane.
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SOME STANDARD PARAMETRIC CURVES

¢ Equation of a circle at height 4, radius 2 and center
(1,-3,4)is ?

(There are many circles in 3D with same center and
radius. The most general equation is

r(t) = Zp + a(costu +sin tv),

u,v are orthogonal unit vectors which makes the circle
slanted.)
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CALCULUS OF VVF: LIMITS, CONTINUITY, DERIVATIVES

AND INTEGRALS

Ordinary functions:

° f(x) = £=% haslimit4 at x = 2.

. )!ima f(x) = I means whenever x — a, f(x) — [ (calculate)
—

¢ Since domain is 1-dimensional we move in a line, has left/right
directions only.

e Left limit: when x — a from left, f(x) — /
¢ Right limit: when x — a from right, f(x) — b
e If j = kb, we can say limit exists at a

e If limit exists and equals value, we say f is continuous at a.

lim f(x) = f(a).

X—a

e What about continuity of the example above? redefine it to make
continuous!
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LIMITS AND CONTINUITY OF VECTOR VALUED

FUNCTIONS

¢ ltis almost the same as ordinary functions.

e f:R — RS3, domain is real number system.

o tlu_r:wa r(t) = rop means whenever t — ain the domain, the image
values r(t) — ro.

* We can use the right limit - left limit idea and say that they are
same/different.

* Suppose f(t) = x(t)i + y(t)j + z(t)k, given in components.

o tlu_r:wa r(t) exists if and only if tlu_rgx(t), ,';"1,,}’(0, ,I'_’f‘az(t) each exists.

. tlgr(t) = };n;x(t)l + tlirjay(t)j + };n;z(t)k.

e This is the easiest way to check.

e If limit exists and equals value, we say f is continuous at a point.
lim f(t) = f(a).

t—a

DEEPESH VECTOR CALCULUS



DEFINITION OF LIMIT OF VVF

12.2.1 perFmaTioNn  Let r(r) be a vector-valued function that is defined for all ¢ in
some open interval containing the number a. except that r{t) need not be defined at a.

We will write lim r(r) = L

if and only if }imflr[lr,\ _Lj=0

12.2.2 THEOREM

(a) Ifrir) = {x(r), y(r}) = x(0)i + y(1)j. then

lim r(r) = {lim x(7). lim _‘.'(H) = lim x(#)i + lim y(t}j
i i —=a t—a f—a t—a

provided the limits of the component functions exist.  Conversely, the limits of
the component functions exist provided vty approaches a limiting vector as
approaches a.

(b)y Ife(e) = {x(t), (). 2()) = x(ehi + y(2)j + z(n)k, then

lim rit) = (E'uu x{r), lim y(r). lim :[fJ)
t—a ! —a t—a t—a

= lim x(1)i + lim y(1)j + lim z(1)k
I—n r I—+a

provided the limits of the compenent functions exist.  Conversely, the limits of
the component functions exist provided rit) approaches a limiting vector as t
approaches a.
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EXAMPLES

(B + 2¢%)) =i + 2j

lim
t—1
1 : .
° tlinz)(t—2i + 21%j) does not exists as the first component does not
5

have a limit at t = 0.
2

® i —
thz( t—2
* Are these functions continuous?

i +21%)) = 4i + §j.
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DERIVATIVES OF ORDINARY FUNCTIONS

e Derivative is a limit

.| f(a+ h) — f(a)
h—0 h

¢ Rate of change of the function for small changes

* limit need not exist eg., f(x) = |x| at0

¢ Differentiable = continuous = Existance of limits

* Notations: f'(a), &|_a, Df(a).

* Geometrically f'(a) gives the slope of the tangent to the
curve (graph) at the point (a, f(a)).

= f'(a), provided the limit exists!
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DERIVATIVE OF VVF

Similar to usual derivatives.

If the limit of the rate of change of the function exists!
fla+t)—f(a af

fim (1() A

It is just the component-wise derivative.

We use f'(a).

If () = x(8)i + y(t)j + z(t)k is differentiable,

f'(t) = X(t)i+y' (1) + Z'(t)k
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DERIVATIVE OF VVF

12.2.3 peraTion  Ifrie) is a vector-valued function, we define the derivative of r
with respect to t to be the vector-valued function r' given by

t+h) —ri1)
r'(r) = lim u 4y
h—f h

The domain of r' consists of all values of ¢ in the domain of rir) for which the limit

exists.
Properties of derivatives

12.2.6  THEOREM (Rules of Differentintion) Let vit), ri(t), and ra(t) be differentiable
vector-valued functions that are all in 2-space or all in 3-space, and let (1) be a
differendiable real-valued function, k a scalar, and ¢ a constant vector (that is, a vector
wihose value does not depend on t). Then the following rules of differentiation hold:

d
(a) —Je]l=10

dr

1 d
B Zlkrn] = k=[r]

di di

: " - y d d ;
(c E|r.m+r1(n]_mlrmnl+mir1u|

; oo ; d d j
(d} Elr.u} r:m]—mlrlqra] E““"

d ; : - 11! ; d ;
(e) El' O] = fu Elru I+mi_m Irir)
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INTEGRAL OF A VVF

Here also
b n R R
/a (ot = fim S KA + (1AL

i=1
b R b R
:/ f1(t)dti+/ b(t)at]
a a

It is the componentwise integral of the function! All properties
are similar to the ordinary derivatives.

12.2.9 THEOREM (Rulesof Integrationy  Letvit). ri(t), and r2ir) be vector-valued func
tions in 2-space or 3-space that are continwous on the interval a < t = b, and let k be
a scalar. Then the following rules of integration hold:

o M
(a) f kri(rydr =k f rir)dr

b rb b
(B) / [ri(r) + r2(n)}de = f r‘(rlder/ ra(r)dt

b b
[} {[run—r;fr:\da:f m(rld:—/ ra(rde
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PROBLEMS

1-4 Find the limit.

P+1 1 sin
1. lim (m;) 2. lim (ﬁi-+ %,)

Pl t—0

2 3 Inr
3. lim (i — 3j + 1K) 4 Iim(—. o .sin2.r>
12 =\ —1

5-6 Determine whether r(f) is continuous at r = 0. Explain
your reasoning.

5 1
5. (a) r(r) = 3sinsi— 21§ b)) r(t) =ri+ ?‘i + 1k
6. (a) r(t) =¢€'i+j+cscrk
) e =5i— 3t + 1j+e"k

. Sketch the circle r(r) = cosri+ sinrsj, and in each part
draw the vector with its correct length.
(a} r'(w/4) (b) r"(m) () £(2m) — r(3n/2)

~1

o6

. Sketch the circle r(t) = costi — sinrj, and in each part
draw the vector with its correct length.
(a) r'(m/4) (by r"(m) (c) r(27) — r(3n/2)
9-10 Find r'(f).
9. r(t) = 4i — costj

10. v(1) = (tan~' t)i 4 rcostf — Tk
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PROPERTIES OF PRODUCT OF DERIVATIVES OF VVF

o Glc-r(t) =c- G(r(t)
o G(ri(t) - ra(t)) =i (1) - G(ra(t)) + G(r(1) - ra(t)
° commutative

o Gi(ri(t) x ra(t) = re(t) x G(ra(t)) + G(ra(t)) x ra(1)
® not commutative
¢ Proofs can be seen by taking components.

Note: Chain rule for composition: If r = r(s) with s = s(t), then

d d ds
ZHe) = —((s) S

Ex: r(s) = s%7 + 3s%j where s = (t + 1), then

Z; = (3s%i + 65))2(t + 1)
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CURVES IN THE SPACE

We make some standard assumptions here onwards:

* We consider only smooth (or piecewise smooth) curves

r(t) is smooth if differentiable, r'(f) continuous and r'(t) # 0 at any t.

* |t ensures existance of tangents at each point
® Tangent changes continuously.
¢ particle always moves, velocity is never 0 till end

* The direction of ¥'(t) is always taken in the forward direction.
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GEOMETRICAL IMPORTANCE OF DERIVATIVE OF VVF

¢ The derivative of r(t) at fy gives the slope of the tangent to
the image curve at the position r(fy).

\ F@- r’ ( 1‘0)
N

P

AY

Tangent
r(ty) line

X
L.
>
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GEOMETRICAL IMPORTANCE OF DERIVATIVE OF VVF

From definition r(f, + h) — r(f) gives an secant.

Multiplying by 15 does not change the direction.

Hence "ot —1(b) gives a secant.

Taking limit as h — 0, we get the tangent at r(f).

12.2.7 DEFINITION Let P be a point on the graph of a vector-valued function r(7),
and let r(tp) be the radius vector from the origin to P (Figure 12.2.4). If r/(ty) exists
and r'(7p) # 0, then we call r'(1y) a tangent vector to the graph of r(¢) at r(fy), and we
call the line through P that is parallel to the tangent vector the fangent line to the graph
of r(t) at r(tp).

Equation of the tangent line to r(f) at &y is r(&) + ' (&)
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UNIT TANGENT VECTOR

* Forv=ai+ bj+ck,length |[v|=va +b>+c2=\/Vv- Vv

e For any v # 0, we know HVTH is the unit vector in v-direction.

Hence the unit tangent vector function is T(t) = %

u-v
Tull vl

The angle between two vectors u,v is given by cos 6 =

_ —1 .
Angle 6 = cos (Hutﬁ \‘llv\l)

Angle between two intersecting curves of vvf r(t) and ro()?
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PROBLEM

Find the tangent vector, unit tangent vector and equation of the
tangent line at (1, 1,4) to the curve

r(t) = i + e 'j + 4k

Here fp = 1.

Tangent vector function is r'(t) = 2ti + e'~j

Tangent vectoratt =1isr(1) = 2i +j

. _ . r’(1) 2 1
The unit tangent vector at t = 0 is iy = Fi + &l

lIr

Equation of tangent line is

r(t) = (i +j + 4k) + t(2i +j), —co < t< o
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NORMAL VECTOR AND UNIT NORMAL VECTOR

* Two vectors are perpendicularifu-v =20
* Forv = ai+ bj, length |v|2=v -V
e For unit tangent vector function, T(t) - T(t) = 1.
* Taking derivatives, we get T(t) - T'(t) = 0
* Normal vector is perpendicular to the tangent vector in the plane.
* T'(t) gives the normal vectors to the curve r(t).
()

® The unit normal vector is given by N(t) = EaI
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PROBLEM

Find the unit tangent and unit normal to the curve, at t = 0, given by

r(t) = cos ti + sintj

* Tangent vector function is r'(t) = —sinti + cos tj
)=

e Tangent vector at t = 0 is r'(0) = 0i + 1j

—sin ti+-cos tj
1

¢ The unit tangent vector is “,,8”

* The unit tangent vector at t = 0 is % =j

* Normal vector is N(t) = M

* Unit normal vector is the same.

e At t = 0, the unit normal vector is —i
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INTEGRALS USING ANTIDERIVATIVES

* Suppose we know that 4 (F(t) = f(t)

Then /f(t) dt = F(1) + C
e Cis a constant vector!

/b (t) ot = F(b) — F(a)
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PROBLEM

» Example 9 Find r(¢) given that r'(+) = (3, 2t) and r(1) = (2. 5).

Solution. Integrating r'(¢) to obtain r(r) yields
r(f) = f r()dr = f(3, 20ydt = (3, %) + C

where C is a vector constant of integration. To find the value of C we substitute 1 = 1 and
use the given value of r(1) to obtain

rl)=3.1)+C=(2,5)
so that C = (—1, 4). Thus,
) =036+ (1,4 =3t -1, +4) «
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VELOCITY VECTOR FUNCTION

We can consider a curve as a function of time (r = r(t)). Also it can
be treated as a function of distance (r = r(s)).

e Speed is defined as the rate of change of distance w.r.t. time %

The direction of motion is the tangential direction (i.e. of T(¢))

Therefore velocity vector at time t is v(t) = ZT(t)

So magnitude of velocity vector is the speed (i.e., |v(t)| = %)

r(1)

T(r) =
M _ ds
V() = o T(r)

The length of the velocity
vector is the speed of the
particle, and the direction
of the velocity vector is the
direction of motion.
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VELOCITY AND ACCELERATION

e Using chain rule, treating r = r(s) and s = s(t),
dr drds ds
V=@t “dsar  ar ')
* Hence T = & also.

¢ Acceleration is the derivative of velocity a(t) = % = %

12.6.1 pEFINITION Ifr(r)is the position function of a particle moving along a curve
in 2-space or 3-space, then the instantaneous velocity, instantaneous acceleration, and
instantaneous speed of the particle at time ¢ are defined by

locit (I) dr (2)
VeloCl =N _ —
g dt
{sats o dv  d°r 3
acceleration = a — 3
dr = drf?
d=vol =2 @
speed = ||V —p—
P dt
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VELOCITY AND ACCELERATION

FORMULAS FOR POSITION, VELOCITY, ACCELERATION, AND SPEED

2-SPACE 3-SPACE
EOSLTION (1) = x(0i + y(0)j r(f) = x(i + y(Oj + z(Hk
VELOCITY v(r):%i+%j v([):Ei-{- %j+%
ACCELERATION | a(f) = % i+ ‘%J a() = % i+ %j 4 %
e | NG G e VG 6T (G
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DISPLACEMENT AND DISTANCE TRAVELLED

Suppose a particle is travelling from P to Q as t moves from f, to t;.

® The displacement is the direct measure from P to Q.

Ar=r(t) —r(l).

It is also the integral of velocity from , to ;.

Ar— /[1 F(t) dt = r(ty) — (o) = /t1 v(t) ot

fo tU

Distance travelled:

Speed is the derivative of distance w.r.to t.

]
Length of a curve r(t), fhp < t < t; is given by ¥ (1)l oft.

[

This is the distance travelled by the particle:

t1 t1
s= [ Ir(@®lat= [ [v()]at

to )
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DISTANCE AND DISPLACEMENT

r(f))

yd Ar !

Displacement = Ar = r(t;) —r(¢;)

Y =

DEEPESH VECTOR CALCULUS



VELOCITY AND ACCELERATION

So, are the veclocity vector and tangent vector same?
e For velocity, we need the parameter to be time t!
* When time is the parameter, velocity is same as tangent vector.
e For any parameter, tangent vector is defined. But not velocity.
Is there any connection between normal vector and acceleration?
e Evenif tis time, @ need not be in the normal direction!

e Normal is the derivative of T; whereas acceleration is the
derivative of 7'(t).

* When the tangent vector is a unit vector and the parameter is
time, then only a coincides with the normal vector.

* We will see that acceleration has got both tangential and normal
components, in general.
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ARC LENGTH PARAMETRIZATION

A curve may be given as 7(t), where  could be some parameter like
time or twice of time or angle. The parameter could be time or any
other parameter using which we express the function.

* Any curve will have a parametrization in terms of the arc length
parameter.

¢ ltis because, for each point we can associate a distance from
the starting point, which could be taken as parameter!

* Since & = |[v(t)||, the relation between the given parameter t
and the arc length parameter is given by

t
s= [ 17 (")lldr

® So s = f(t) expresses the arc length in terms of ¢.

* If finvertible, t = f~'(s) expresses t in terms of s
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ARC LENGTH PARAMETRIZATION - EX

A curve is given as 7(t) = 3121+ 4], 0 < t < 1, where t is some
parameter. Find the arc length parametrization of this curve.

e |7 (7)|| = V36t2 = 6t. So

t t
s= [ |F(r)ldr = [ 6rdr =3¢
fo

fo
°*Sos=3=t=,/5§,0<s<8.
* The arc length parametrization is

f(s) = 3§7+47.
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IMPORTANCE OF TIME AND ARCLENGTH

PARAMETRISATIONS

e Time t the the best parameter to study motion, velocity, acc.

¢ Arclength s is the best to study shape/geometry of the path.

* We could choose any point r(t) on the curve as base point for s
e When t < ty, we get negative of arclength.

¢ Since smooth curve, % > 0. Hence s is invertible function of .

o at _ 1 1

[v]*
e dr _ dradt Y _T

ds — ds
ds o

ds — dids [v|
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THE CURVATURE

Curvature measures how fast the unit tangent vector T changes in
direction (magnitude is contant) w.r.to s.

aT
curvature Kk = |—
ds

If  large, curvature is more

If k = 0, it does not curve at all at the point.
¢ Using chain rule,
1

_’dT _‘dT 1
v

ds| | dt

e For aline, r(t)=ro+tvoorr(s):ro+ﬁvo=>T:1,n:O.

. - . ¢l dT
* Foracircle r(t) = acosti + asintj, |v| = a, ’ —1=kr=1

dt a
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CURVATURE AND THE NORMAL

Since T has unit length, 4T L T and so

ar dr
_ ds _ ds
N = ﬂ =
ds
This means
T _ N
ds %

e Circle of curvature is the circle that has same tangent as that of
the curve at the point.

¢ Also called osculating circle

e Since for a circle, curvature is x = 1, if the curve has curvature

a
x, radius of the circle is 1
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ACCELERATION COMPONENTS

12.6.2 THEOREM [fa particle moves along a smooth curve C in 2-space or 3-space,
then at each point on the curve velocity and acceleration vectors can be written as

B (i (10-11)
VS —E T\& -

where s is an arc length parameter for the curve, and T, N, and k denote the unit tan-
gent vector, unit normal vector, and curvature at the point (Figure 12.6.4).

Z a

a=a;T+ayN
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RESOLVING ACCELERATION

d [ds d2sT+ ds dT
dt? dt dt

d’s N ds dT ds
dar? dt ds dt

d’s ds\ dT
= —— | = | s
dr? dt ) ds

—d2ST+ ds \? N
T dr? dr ) ©
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RESOLUTION OF ACCELERATION

We have resolved acceleration to components: a = arT + ayN
e Taking dot product with T,

ar=a T=°—

Taking dot product with N,

Also, |al?> = ar? + an?

Taking modulus of cross product with T,

aN = ||a><T|| =

Curvature is obtained from ay = n(%)z. So

oo AN la x v
(%2 IvIP
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ACCELERATION COMPONENTS - PROOF

12.6.3 THEOREM Ifa particle moves along a smooth curve C in 2-space or 3-space,
then at each point on the curve the velocity v and the acceleration a are related to ar,

an, and k by the formulas

v-a vXxa vXa
ar — aN — u = H (15-17)
vl vl vl

ar = [[a[cos¢ and ay = [|af[sin¥

from which we obtain
[Ivillaljcos6 v-a

ar = ||a| cos € =

lIvll vl
: [vlllallsing |lv X all
ay = ||a| sinf = =
llvll llvll
e__av _ ay _ 1 lvxal _|vxal
ds/dnyr  |IvII* vz vl Ivii?
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EXERCISES

» Example 1 A particle moves along a circular path in such a way that its x- and y-coor-
dinates at time ¢ are

x =2cost, y=2sint
(a) Find the instantaneous velocity and speed of the particle at time 7.

(b) Sketch the path of the particle, and show the position and velocity vectors at time
t = /4 with the velocity vector drawn so that its initial point is at the tip of the pos-
ition vector.

(c) Show that at each instant the acceleration vector is perpendicular to the velocity vector.

» Example 2 A particle moves through 3-space in such a way that its velocity is
V() =i+ 1j+ 1k

Find the coordinates of the particle at time r = 1 given that the particle is at the point
(—1,2,4) attime r = 0.
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EXERCISES

» Example 3 Suppose that a particle moves along a circular helix in 3-space so that its
position vector at time ¢ is

r(t) = (4cosmt)i+ (4sinmt)j+ tk

Find the distance traveled and the displacement of the particle during the time interval
1<t<5.

» Example 4 Suppose that a particle moves through 3-space so that its position vector

attime ¢ is P
r(t) =ti+t'j+t'k

(The path is the twisted cubic shown in Figure 12.1.5.)
(a) Find the scalar tangential and normal components of acceleration at time 7.
(b) Find the scalar tangential and normal components of acceleration at time # = 1.

(c) Find the vector tangential and normal components of acceleration at time t = 1.

(d) Find the curvature of the path at the point where the particle is located at time t = 1.
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BINORMAL VECTOR

Consider a curve in 3D space given by r(t).

¢ Apart from the tangent and normal vector, there is a vector
perpendicular to both T and N.

* This vector is called the binormal vector.
B=TxN
so that (T, N, B) form a right handed system.

e 3 directions: Forward (tangential), twinning (normal) and twisting
(binormal) directions

It is called a Frenet frame or TNB frame.

The base plane or TN-plane is called osculating plane

The NB-plane is called normal plane (given by normal and
binormal)

The BT-plane is called rectifying plane.
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TORSION 7

e ltis similar to curvature « (how fast N changes)

¢ How fast B changes w.r.to s?

N i .
. % = %(T xN) =T x (ZTS’ since €T x N = 0, being parallel.
e = 98 1 T, and 8 1 B, B being of constant length.
o = B is parallel to N, giving 28 = —7N

®* Sor= —% -N.
e So torsion is the negative of how fast B changes w.r.to s.

* The change in the normal vector reflects the change in the plane
to which it is normal

¢ 7 tells how fast the osculating plane changes, and « tells how
fast the normal plane changes
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AN APPLICATION - PATH OF A PROJECTILE

A projectile is fired from ground at time t = 0, with initial velocity vy.
Assume only gravity acts on it which reduses the velocity.

e What is the position vector?
¢ What is the maximum height it will travel?
e What time it will hit the ground?
* How much distance it will travel?
* Newton’s law says mass-acceleration=effective force

2 2 2 ~
¢ mG =-mgj = G =g

* integrate and use initial conditions r(0) = 0, ¥'(0) = vg
* position vector r(t) = —g4] + vot
If fired with angle a, vo = |Vo| cos ai + |Vo| sin af

2
Position vector is r(t) = vcosati + (vsinat — g%)j

*Ivo| = v
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AN APPLICATION - PATH OF A PROJECTILE

The maximum height it goes ymax happens when Vgricar = 0.
¢ r/(t)]: Vsina—gt:0:>t: Vsi%
® VYmax = %st%;za

Time it hits ground will have veritical part of r(t) = 0

° vsinat=Jgtt=t=0,t= %
* so it hits ground when t = 2he,
The range it travels is given by horizontal part of r(t) att = 2"5%

. . i 2 .
* Horizonatal Range is v cos az"s% = "5 sin 2a..
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CURVATURE FOR A CURVE y = f(X)

A curve y = f(x) can be viewed as (x, f(x)).

N

* Think of the curve as r(t) = ti+ f(t)].
e v=T+f(t)],a=f'(t)
_lvxal _ [f(1)
VB (1 (1))

Hence the curvature is "
y
R= ————
(1 +y?)E
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PARAMETER VS VARIABLE

It depends on the situation. A variable can change within the
context of the given situation (problem). But a parameter is
fixed during a problem. By changing values of parameters, we
get different problems.

® In y = mx + ¢, m, c are parameters.

¢ By changing m, ¢ we get different lines.

¢ For each fixed m, c, the variable x can change in the

domain.

Also in vector calculus, the parameters are coming from a
different set (not from the given domain). The variables in a
vector valued function changes in the domain.
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