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1 Introduction

The concept of a linear equation is motivated by the equation of a line. The
general form of a straight line in the XY -plane is

ar+by=-c

where a, b, ¢ are constants. In the 3-dimensional space, the similar structure is
that of the plane, which is

ar + by + cz =d.

Such type of equations are called linear equations. The general form of a linear
equation in n variables x1,xo,...,x, is

a121 + asxa + ...+ apxy = b,

where a; are constants, called the coefficients of the variables. By a solution to
this equation, we mean a set of values for x1, xs, ..., x, which, on substitution,
satisfy the equation. When there are more than one equation to be solved, we
consider the collection of such equations as a ”system of equations”. A system
of m linear equations in n variables is

111 + a12X9 + ...+ a1pnTn :bl
A21%1 + A29%o + ... + aspx, =bo

Am1ZT1 + Am2Z2 + ... + AmpTn :bm»

which is known as the general form of a linear system. By a solution to
this system, we mean a set of values for x1,xs,...,x, which on substitution,
satisfy each and every equation of the system.

Such systems arise naturally in solving problems. For example, while solving
a chemical equation, we need to tally the number of atoms, which results in a
collection of linear equations. A simple example of such a system is:

2043y = 7
r—2y = 5
3r+y = 12



There are 3 equations and 2 variables in the above system.

2 Consistency of a system

Some systems may have solutions and some others do not. We say that a linear
system is consistent if it has a solution. Observe that a slight change in the
coefficients may change the consistency of a system. For example, consider the
three systems:

2¢r+3y = 7T 20 +3y="7 20 +3y="7

6r+9y = 21, 6z+91y=21, 6z+9y=211
It can be seen that the first system has a lot of solutions like z = 2,y = 1
or x = —1,y = 3 etc., the second one has one and only one solution given by
T = %, y = 210; but the third one has no solutions.
Remark 2.1. For the first one, we can see that by choosing any value z = a,

— -2

we can obtain y = Ta’ we get infinitely many solutions (a, a) to the
system.

Observe that geometrically these equations represent two straight lines in
the two-dimensional plane. Hence three kinds of situations can happen here:

g /

No solutions Unique solution Infinite number of solutions

1. the lines may not intersect (parallel lines with a distance in between)
2. the lines may intersect at a unique point
3. the lines may lay one on the other (all points are same)
Thus for such a system of two equations in two variables, there can be
e 10 solution

e unique solution



e infinitely many solutions

So for a bigger linear system (more equations and more variables) we are inter-
ested in analyzing the following important questions:

1. Is there any solution to the system?
2. If so, is there a unique solution? or finitely many? or infinitely many?
3. How to find the unique solution?

4. How to find all solutions, if more than one?

3 Matrices and linear systems

We can beautifully use matrix theory to solve a linear system. In general, we
can consider every linear system of m equations in n variables in the matrix
form:

Ax = b,

where A is the m x n matrix of coefficients, x is the n x 1 column matrix
of variables and b is the m x 1 column matrix of constants.

aii ai2 ... Qin €1 b1

as1 a22 a2 T2 b2
A= " X = b=

Aml  Am2 - Gmn Ty b

It is easy to see that the product on the left side of the matrix form corresponds
to the left side of the equations of the general form. In the system Ax = b, if
b = 0, the zero matrix, then the system is called a homogeneous system.

To solve linear systems using linear algebra techniques, we use the following
concept of an Augmented matrix corresponding to a linear system:

ail ai12 QA1n b1

a a .. a b
[A | b] — 21 22 2n 2

Am1  Gm2 . Gmn  bm

That is, the augmented matrix is obtained by joining the b matrix to the coef-
ficient matrix A.

Example 3.1. The matrix form of the system of equations

20 +3y = 7
6x+9y = 21



is

S M Y
and the augmented matrix corresponding to the system is given by
{2 3 7}
6 9 21
Note that the rows of the augmented matrix correspond to the equations in the

linear system of equations.

Now, suppose that the system which we need to solve is in a nice form like

2¢+3y—2z = 7
11y — 32 =
2z = 14

Then the last equation is a very simple equation which you can solve easily to
get z = 7. Now since the second equation has only two variables, substituting
z = 7 into it, we can solve it and y = 2. Now the remaining variable x can be
fixed using the first equation as x = 4. This process is called back substitution
method. So if the system is in this kind of a simpler form, back substitution
gives the solution very fast.

Can we reduce every matrix to such a simpler form?

The answer is yes. But for this, we need to transform the equations in such a
way that the solutions should not change.

4 Elementary row operations

Let us see some of the simple operations which do not change the solutions of
a system and reduce the system into a ‘simpler form’ (we will describe what is
meant by the ‘simpler form’ afterwards).

e First, let us observe that even if you interchange the positions of the system,
nothing happens to the system! Its augmented matrix will have an interchange
of its rows. For example,

2r+3y = 7= 6 +9y =2
6z +9y = 2, 20 +3y =17

will have the same solution. Note that the corresponding augmented matrix
will have an interchange of rows:

2 3 7 69
A_[GQQ] :A_[zs



e Also one can see that if both sides of an equation is multiplied by the same
non zero scalar, the system (also the solution) will not be affected. For example,

2043y = 7= 4o + 6y = 14
6x+9y = 2, 6z +9y =2

will have the same solution. Here we multiplied the first equation by 2. Note
that the corresponding augmented matrix will have an interchange of rows:

2 3 7 - [4 6 14
A_[6 9 2} ;‘A_[6 9 2}

e Further, if we add two equations (1) and (2) and form a new equation (3),
the solutions of the equations (1) and (2) will be the same as the solutions of
(1) and (3) (and the solutions of (2) and (3) also). Hence equation (3) can be
used in place of one of the first two equations to have the solution of the system
intact. For example,

2043y = 7= 8r + 12y =9
6x+9y = 2, 6z + 9y = 2

will have the same solution. Here we added the two equations and replaced the
first equation with the sum. Note that the corresponding augmented matrix
will have an interchange of rows:

2 3 7 8 129
A[692} ;“4[6 9 2}

Observe that the three processes do not change the solutions of the system. It is
important to observe that the changes happening in the system are completely
given by the corresponding changes in the row vectors of the augmented matrix
(the coefficient matrix does not take care of the right side of the equations). Thus
an augmented matrix will suffice to represent the system completely and the
operations listed above are 'row operations’ done to the rows of the augmented
matrix.

Here we formally define the elementary row operations applicable to any
matrix. They are

1 Interchange two rows (R; < R3)
2 Multiply an entire row with a scalar (real number a # 0) (R; = « X Ry)
3 Adding two rows and replacing one of these rows with it (R; = Ry + R3)

Remark 4.1. Note that combinations of the three operations are also allowed
(R1 = a x R; + R3) and they can be repeatedly applied. These operations
do not change the solutions of the linear system represented by an augmented
matrix.



On applying the elementary row operations to an augmented matrix, we want
to transform it into a simpler form (recall the example given after Example 3.1),
which is known as the row echelon form of a matrix. Let us define it formally
here for any matrix.

Definition 4.2. A matriz is said to be in the Row Echelon form if
i. Zero rows are all kept at the bottom

ii. There are only zeros below (in the column) the first non-zero entry (called
the pivot of the row) of each row.

1i. The pivot of the lower row should lie to the right side of the pivot of the
row above.

For example, the matrix A given below is a matrix in the row echelon form.

3 0 -2 1
0 -4 7 0
A= 0 0 5 8
0o 0 0 O

Zero rows are kept at the bottom as they represent a null equation (which do
not contribute any data) and are unimportant.

Note that in order to solve the system, it is enough to solve any of its row-
equivalent systems (since all will have the same solutions) and the system is
very simple to solve once it reaches the row-echelon form.

Definition 4.3. If we get a matriz Q by applying a combination of elementary
row operations to a given matriz P, then we say that P is row equivalent to
the matriz Q (and vice-versa).

Note that two row-equivalent augmented matrices have the same solutions
(as row operations do not change the solutions). Hence instead of solving the
first system, one can solve the second system and get the solution of the first
system. However, we will benefit from this technique only if the second system
(matrix) is easier to use. Here by ’easiest form’ we mean the row echelon
form.

We can reduce any given matrix to an Echelon form by using elementary
row operations. We can see that the row echelon matrix is simple as it contains
many zeros. It looks almost like a triangular matrix (not exactly).

Remark 4.4. If the pivots are made 1 and the entries above the pivot also are
eliminated (we can always do this using elementary row operations) then such
a matrix is said to be in the row reduced echelon form. Here is an example
for row reduced echelon matrix. An example is given here

3 21
RERE

_ 20
[A]_0001§
0O 0 0 0 O



Let us now see an example where the row echelon form helps to solve a linear
system.

T+y+z2=06
20 —y—2=3
r4+2y—z=4

dx +2y — 2 =13

The augmented matrix of the system is

1 1 1 6
2 -1 -1 3
[Ab] = 1 2 -1 4
4 2 -1 13

One of the echelon form that you reach by doing elementary row operations
(R2 — R2—2R1,R3 — R3—R1,R4 — R4—4R1; Rg <—— R3, R3 —)Rg-l—
3Ry, Ry — R4+ 2Ro; Ry — Ry — R3) is

11 1 6
0 1 -2 -2
A~ g 0 9 15
00 0 0

Now the system corresponding to the echelon matrix is

r+y+z = 6
y—2z = =2
-9z = -15

0 = 0

We can observe that the equations get simpler and simpler as we go down and
the last row has vanished. Solve back from the third equation and solving for
the variables one by one, we get the solution

4 5
= 3’ = -, = -,
TERYT TS
which is the only possible solution for the given system.

Since the elementary row operations we applied will not change the solutions
of the system, we can say that every equivalent matrices that you get have the
same solution as that of the original one. But since the one given by the echelon
form is the simplest to solve among these, we can solve the system after making
the augmented matrix into the echelon form.



5 Linearly independent row vectors and the rank
of a matrix

We have seen that some rows has got vanished (by applying the row transfor-
mations using the other rows) when the matrix reaches in the echelon form.
This means that these rows can be created also (by applying the opposite row
operations that were applied for eliminating these rows) using the other rows
by doing row operations. Such rows are said to be dependent rows as they
are dependent on the other rows.

We say that a vector is dependent on other vectors if it can be created (or
eliminated) using other vectors by means of row operations.

Definition 5.1. We say that the row vectors {vi,va,...,v,} of an m xn matriz
are linearly dependent if one among these vectors can be written as a linear
combination of the other vectors. This is equivalent to saying that a mon-zero
combination of the vectors if equal to zero vector, then the vectors are linearly
independent. This means

a1V + agvg + ... + apv, = 0 with at least one a; # 0,

as in this case,

aq a2 Q1 Qi1 p
Vp=——"U1 — —V2—...— Vi—1 — Vi+1 — —Un,
Q5 e%) Q; a; e%)

which means that v; can be written in terms of others.

For example, consider the matrix
1 2 1 0

A=11 1 1 0

5 7 5 0

Here (1,2,1,0),(1,1,1,0),(5,7,5,0) are dependent vectors since v3 = 2vg + 3vs

or in other words, 2vy + 3vs + —1vg = (0,0,0). Note that we may also write
Vg = %’03 — %vl. But the matrix

1
B =10
1

O = =

0
1
1

has its rows are not independent since none of the rows can be written in terms
of the others.

Definition 5.2. We say that the row vectors {vi,va,...,v,} of an m xn matriz
are linearly independent if

a1v1+a2v2+...+anvn:0éa1:agz...:an:(),

as in this case, there is no nonzero relation between the vectors.



There is a close connection between the number of independent rows of the
coefficient (as well as augmented matrix) of a system and the number of solutions
of the system. We first define the rank of a matrix in this regard.

Definition 5.3. The number of independent row vectors of a matriz is called
the row rank (or rank) of the matriz. It is denoted as rank(A) or p(A) for a
matriz A.

For example, the rank of the matrix B given above is 3 since all rows are
independent. But the rank of the matrix A is 2 since the first two rows are
independent and the third row is dependent on the first two.

As we said earlier, if one vector can be created using others, it can also be
deleted using other vectors. Hence, if some row is getting deleted while making
the matrix into row-echelon form, then that row must be dependent on others.
Hence, it can be observed that:

Proposition 5.4. The rank of a matriz is given by the number of non-vanishing
rows of the echelon form of the matriz.

If we reduce the matrices A and B above to echelon forms, it can be seen
that they contain 2 and 3 non-vanishing rows, respectively.

Remark 5.5. Note that there is an analogous concept of column rank of a
matrix. It is a famous result in matrix theory that row rank = column rank
always. However, we will not be using column operations or the concept of
column rank here.

6 Rank and the consistency of a system

As we mentioned, there is a close connection between the number of solutions
of a system and the ranks of the coefficient and augmented matrices of the
system. Suppose that the rank of the coefficient matrix is less than that of
the augmented matrix. Then there will be a zero row in the echelon matrix of
A corresponding to which the column of b will contain a non-zero entry. For
example, consider
aq bl C1 dl
[Ab] = 0 bQ Co dg
0 0 0 ds

Here p(A) = 2 and p(Ab) = 3 (assuming d3 # 0) and so they are not equal.

In such a case, there will be an equation which gives 0 = d3, which can not
have a solution as d3 # 0! Thus whenever p(A) # p(Ab), the system will not
have a solution.

Remark 6.1. A more rigorous argument can be given using linear algebra
techniques. It uses the idea that the vector b is not in the range or column
space (span of column vectors) of A.



Now suppose r = rank(A) = rank(Ab) < n, where n is the number of
variables. For example, suppose the augmented matrix of a system gets into the
echelon form

ap by o dy
[Ab] = 0 bQ Co d2
0 0 0 0

Here rank(A) = 2 = rank(Ab) and number of variables n = 3. Then going back
to the system of equations, we can see that

a1z + b1y + 1z =dy
bgy + oz =doy
0=0

In such a case, we can see that effectively there are only r (here, 2) equations
to control the 3 variables. As a result, n —r (here 3 — 2 = 1) variables have
to be let free (called the free variable or excess variable) as ideally to control
n variable, we need n independent equations. The free variable can take any
value, resulting in an infinite number of solutions to the system.

For example, here since z has no pivot in its column, it is not controlled
by any equation. Hence we need to assign z = a, where a can be arbitrary
constant. As a result, the system gets into the form

a1x + b1y + c1a =dy
b2y + coa :d2

dr —pb, d2=c2a
giving the solutions z = a, y = d2;;2a,:1c == lal 2 on back substitution.
Thus, we get an infinite number of solutions by assigning different values to the

free variable z = a.

Thus we can say that if p(A) = p(A4b) # n, the number of variables, then
the system will have infinitely many solutions.

But if p(A) = p(Ab) = n, then there will be n equations effectively to control
the n variables, assigning a unique value to each variable, resulting in a unique
solution to the system.

Putting all together, we state the fundamental theorem on linear system of
equations in the following.

Theorem 6.2. For a system Ax =b of m equations in n variables
1. no solution exists if and only if p(A) # p(Ab)
2. solutions exists if and only if p(A) = p(Ab)

i. unique solution exists if and only if p(A) = p(Ab) =n
it. infinite number of solutions exist if and only if p(A) = p(Ab) # n

10



7 homogeneous systems

A linear system Ax = b is homogeneous if b = 0. Such a system always has a
so-called “trivial solution”, which is x = 0. It is easy to see that

z1=0,20=0,...,2, =0

forms a solution to any homogeneous system. Hence, it is always consistent.
This can be seen from rank(A) = rank(Ab) also, as the last column b is fully
zero and it makes no impact on the rank of Ab. For example,

20 +3y =
6 +9y =

is a homogeneous system and = 0, y = 0 is clearly a solution to it.

So for a homogeneous system, if rank(A) = n, we do not have to solve it as
the only solution is ©1 = x5 = ... = x,, = 0. Thus, we need to solve it only in
the case of non-trivial solutions, which happens if and only if rank(A) # n.

The solutions of homogeneous systems have many special properties.
Theorem 7.1. If x; and x5 are two solutions of a homogeneous system, then

1. X1 + Xo s also a solution.

1. ax1 + PBxg is also a solution for the system for any scalars a and .
Proof. Let the system be Ax = 0. Since x; and x5 are two solutions,

Axy + Axo =0= A(x1 +x2) =0.
Similarly for any scalar «, we get
aAx; =0= A(ax;) =0.

Combining the above, we get (ii). O

Hence, the collection of all solutions contains all sums and scalar products
of solutions. This collection of all the solutions is known as the solution space
of the system or the null space of the coefficient matrix.

Definition 7.2. The solution space of a homogeneous system Ax = 0 is
{x: Ax =0}.

The null space of a matrix is one of the four important spaces associated
with the matrix.

Definition 7.3. For a matriz A, the null space N(A) is the solution space of
the associated homogeneous system Ax = 0. That is

N(A) ={x: Ax=0}.

11



Note that the solution space and the null space are effectively the same.
For a system, it is called the solution space, and for the matrix, it is the null
space. These concepts are very important in linear algebra, as they provide
subspaces of the vector space R".

The maximum number of independent vectors in the null space of a matrix
has got a special name.

Definition 7.4. The nullity n(A) of a matriz A is the number of independent
vectors in N(A). Equivalently, it is the number of independent solutions of the
homogeneous system Ax = 0. Note that if there is only the zero vector in the
null space, the nullity is considered as 0.

For finding the nullity of a matrix, we need to solve the corresponding ho-
mogeneous system, find all the solutions of it and count how many of them are
independent. The following is an example.

Example 7.5. Consider the following system of 3 equations in 4 variables:

r—y+dz+w=0
20 —3y+z2—w=0
3r —4y+62=0

The echelon form of the augmented matrix is

1 -1 5 1 0
0 -1 -9 -3 0
0 0 0 0 0

See that the rank of the coefficient and augmented matrices is both 2 (since there
are 2 non-zero rows, or equivalently, 2 pivots in the matrices). The number of
variables n = 4 and hence there are 4 — 2 = 2 excess variables. Choosing the
non-pivoted variables as the excess variables z = a and w = b, we have the
solutions

—14a — 4b
—9a — 3b
a
b

for each real numbers a,b. Note that the solutions space of Ax = 0 or the null
space of A is

—14a — 4b
N(A) = _9“a_ Wl aber
b
This space can also be written as
—14 —4
N(A)=<a _19 +b _03 ta,beR
0 1

12



This means that all the solution vectors are combinations of the two vectors

—14 —4
v = _1 and vy = _03 and so all other solutions are dependent on these
0 1

two only. Hence, there are only two solutions which are independent, giving the
nullity 2.

One can also observe that the nullity is the number of excess variables while
solving the system. Now the rank was the number of independent rows, which is
effectively the number of pivoted variables (non-excess variables) of the system.
So the number of pivoted variables added with the number of excess variables
gives the total number of variables! This fact is known as the famous Rank-
Nullity Theorem in linear algebra.

Theorem 7.6. (Rank-Nullity Theorem)
For an m x n matriz A, rank(A) 4+ nullity(A) = n.

This theorem helps us to find the nullity of a matrix when the rank is known.
For example, the above matrix has rank 2 and n = 4. So nullity must be
4 —2 = 2. Tt also helps us to conclude that if the rank of the matrix is the same
as the number of columns, then Ax = 0 will have only the trivial solution.

When it is a square matrix, we know that it has a determinant, and there is
a close connection between the determinant and the rank of a square matrix.

Theorem 7.7. An n x n matriz A has rank(A) = n if and only if |A| # 0.

Proof. Observe that the rank of the square matrix is n if and only if there are
n pivots in its echelon form. This happens if and only if the echelon form is an
upper triangular matrix, with all diagonal entries non-zero.

Also, the elementary row transformations change the determinant very little.
Suppose that the determinant of A is a. Then interchanging makes it —q,
scalar multiplication with a non-zero ¢ makes it ca and adding of two rows and
replacing one of them makes no change to the determinant. Thus, if A has
|A| = 0, then after row transformations, the determinant is 0 and vice versa.

Thus, if rank(A) = n, the echelon form is an upper triangular matrix with
non-zero diagonal entries, and so, its determinant is non-zero and hence |A| # 0.
Conversely, if rank(A) # n, then the echelon matrix is a diagonal matrix with
one diagonal entry equal to 0, which gives |A| = 0 in a similar way. O

The above information is quite useful while finding the characteristic equa-
tion of a square matrix.

8 Additional reading materials

We mentioned the vector spaces and subspaces, null spaces and all. Here we
give some basic definitions of these concepts.

13



8.1

Vector spaces

Definition 8.1. A non-empty set V together with two operations + (called
vector addition) and . (scalar multiplication) is called a vector space if it satisfy
the following properties (here we assume that u,v,w are arbitrary elements of
V and o, B are arbitrary real numbers):

1.

10.

© % NS G e

utveV

u+v=v+tu

u+ (v+w)=(ut+v)+w

there is an element 0 in V such that 0 +u =u
there is an element —u in V' such that u + (—u) =0
aucV

(a + B)u=au+ Pu

a.(u+v) =au+ aw

(o B)u=a (Bu) = B (1)

lu=u

The elements of a vector space V are called vectors and the real numbers

o, B,...

are called scalars. A set should satisfy all the 10 properties of the

operations if it is to be called a vector space. If any one of these 10 properties
is not satisfied, the set can not be a vector space.

Example 8.2. 1. The set of all m x n matrices denoted by M, «xn, for each

2.

m,n € N, with usual matrix addition and scalar multiplication.

The set R™ of all n— tuples with usual addition of n-tuples and multipli-
cation of an n—tuple by a number.

(1,22, T0) + (Y1,Y2, -, Un) = (X1 + Y1, T2+ Y2, Tn + Yn)
o (@1,22,...,20) = (az1,022,...,07,)
Since we can consider (x1,xa,...,Z,) as a row matrix or column matrix,

one may think of this as a special case of [1], the cases of 1 x n row/n x 1
column matrices)

The set of all real numbers R (special case of [2], when n = 1)

The set P, of all polynomials of order less than or equal n with usual
polynomial addition and multiplication of polynomial with numbers.

(ag+art+ ...+ ant™) + (bo+bit+ ...+ b,t")
(a0 +bo) + (a1 + b))t + ... + (an + bp)t"
alag+art+ ...+ apt") = aa+aart+ ...+ aapt”

14



5. The set of all polynomials P, as an extended case of [4].
6. The set of all real-valued functions defined on [a, b] with
(FHo)@) = J@)+g@), welob
(af)x) = a flx), z€]lab]
Now we give some examples of sets which are not vector spaces.

Example 8.3. Let V be the set of all matrices of the form

[ msecs)

with usual addition and scalar multiplication. Here one can observe that V' does
not satisfy the properties (1) and (6). To see that (1) is not satisfied,

21l 3= e

So, even though V satisfy the properties (2), (3), (7), (8), (9), and (10), it is
not a vector space.

The following is the concept of a subspace of a vector space.

Definition 8.4. Let V be a vector space. A subset W of V' is said to be a
subspace of V if W itself is a vector space under the induced operations.

This means that a vector space sitting inside a bigger vector space is called
a subspace. Of course, the operations in the subspace should be the same as
those of the bigger space.

Example 8.5. Let W be the set of all matrices of the form

(R

with addition and scalar multiplication as in Mgxs. Obviously, this collection
is a subset of Mays. One can easily check that the properties (1) to (10) of a
vector space are satisfied by this W. Hence W is a subspace of V.

Observe that the null space of any m X n matrix A is a subspace of R". To
see this, recall that
N(A) = {xCR": Ax = 0}.

Then x; 4+ x and ax are also a solutions of Ax = 0 for any solutions xi,xy and
any scalar c. Thus N(A) is a subspace.
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